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£SJ ■ Abstract. We discuss geometric integrability of Hirota's discrete KP equation in the framework of 

projective geometry over division rings using the recently introduced notion of Dcsargues maps. We also 
present the Darboux-type transformations, and we review symmetries of the Dcsargues maps from the 
point of view of root lattices of type A and the action of the corresponding affine Weyl group. Such a 
■^1^ point of view facilities to study the relation of Dcsargues maps and the discrete conjugate nets. Recent 

investigation of geometric integrability of Desargues maps allowed to introduce two maps satisfying 
functional pentagon equation. Moreover, the ultra-locality requirement imposed on the maps leads to 
Weyl commutation relations. We show that the pentagonal property of the maps allows to define a 
coproduct in the quantum plane bi-algebra, which can be extended to the corresponding Hopf algebra. 
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The relevance of a geometric theorem is determined by what the theorem tells us about 
space, and not by the eventual difficulty of the proof. The Desargues ' theorem of pro- 
jective geometry comes as close as a proof can to the Zen ideal. It can be summarized 
in two words: "I see!" Nevertheless, Desargues' theorem, far from trivial despite the 
simplicity of its proof, has many more applications both in geometry and beyond . . . 
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C*~) ' 1. Introduction 



Everybody interested in the (pre)history of soliton theory should consult monographs of Bianchi [6], 



OO 

1 Darboux [151 116] . Eisenhart |34] or Tzitzeica |65) . In these geometry books, which summarize classical 

XlX-th century style developments in theory of submanifolds and their transformations, one can recog- 
nize many fundamental facts from the theory of integrable partial differential equations. In looking for 
analogous geometric interpretation of integrable partial difference systems we have found that very often 
their integrability features are encoded in incidence geometry theorems of Pappus, Desargues, Pascal, 
Miquel and others [111 1221 1231 121L 125] : for introduction to projective geometry and its subgeometries 
see [141158] . 

Hirota's discrete Kadomtsev-Petviashvili (KP) equation |37j may be considered as the Holy Grail of 
integrable systems theory, both on the classical and the quantum level |44j . In the present paper, based 
on our earlier publications [251 1261 I31j . we review geometric aspects of the non-commutative Hirota 
system within the framework of projective geometry over division rings. The crucial notion here is that 
of Desargues maps, where the underlying geometric property is collinearity of three points, which gives 
the linear problem for the Hirota system. This should be considered as further simplification of (already 
rather non-complicated) approach to integrable discrete geometry via the theory of multidimensional 
quadrilateral lattices [28j based on coplanarity of four points. We remark that the quadrilateral lattice is 
the integrable discrete analogue |59U18] of the conjugate net which is the fundamental geometric object of 
the geometric works of Darboux and his contemporaries mentioned above. Surprisingly enough, the theory 
of quadrilateral lattices is contained in the theory of Desargues maps. Moreover, the latter allows for a 
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Figure 1 . Desargues map condition with the Veblen configuration. The points <f>, <p(i\ , 
(j)u\ and (/>(£) correspond to the points A, B, C and D used to define the normalization 
map W 



description in terms of the A-type root lattice what makes it invariant with respect to the corresponding 
affine Weyl group action. 

One of motivations to study non-commutative versions of integrable discrete systems is their relevance 
in integrable lattice field theories. In particular, as shown by [4 ],I62] . the four dimensional consistency of the 
geometric construction of quadrilateral lattice |28j is related to Zamolodchikov's tetrahedron equation |70j . 
which is a multidimensional analogue of the quantum Yang-Baxter equation [41j . A closer look at the 
structure of Desargues maps allowed to isolate [31] two maps which satisfy the functional pentagon 
equation, whose quantum version forms the fundamental ingredient in the present-day theory of quantum 
groups [3l I67L 145] . As it was shown in [31] , in the transition " from non-commutative to quantum" it is 
enough to assume the ultra-locality [63j of the maps, i.e. in the context of Desargues maps ultra-locality 
requires the Weyl commutation relations [66] . 

To previously published results we added here the geometric meaning of the Darboux-type transfor- 
mations of the non-commutative Hirota equation. Moreover we study in more detail the connection of the 
pentagon maps related to the Hirota equation to the bialgebra structure of Manin's quantum plane [49] 
and the Hopf algebra structure of quantum 'ax + 6' group [68 . 



2. Integrability and symmetry of the Hirota equation 

2.1. The Hirota equation and Desargues maps. Consider 1251 Desargues maps <f>: Z N P M (D) 
of multidimensional integer lattice into projective space of dimension M > 2 over division ring D, char- 
acterized by the condition that for an arbitrary n S 1* N and any pair of indices i ^ j the points <f>(ri), 

i 

4>{n + £i) and <p(n + Ej) are collinear; here £j = (0, . . . , 1, . . . , 0) is the i-th element of the canonical basis 
of M. N . In what follows we will use the standard notation F( ±i )(n) = F(n ± £j) for any function F on 
Z N . We will also often skip the argument n of the map. In the homogeneous coordinates <p: 7L N — > 1D> M+1 
defining condition of the map can be described in terms of the linear system 



(2.1) * + # (i) ^ 4i + <f> (j) A ji = 0, i^j, 

where Ay : Z N — > D x are certain non- vanishing functions. The compatibility of the linear system ([2.1 
or the Desargues map equation, reads 

(2.2) A^Aik + A^A ki = 1, 
(2-3) A ik (j)A jk = Aj k tyAik, 
where indices k are distinct. 
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As it was shown in |25] there exists a special gauge in which the linear problem takes the form |17l 155] 

(2.4) *W-*W) =*Uij, i^j<N. 

Then equations (|2.2p - (|2.3l) reduce to the following systems [55 for distinct triples i,j, k 

(2.5) Ua + U jk + U kl = 0, 

(2.6) UkjUki(j) =UuUkj{i)- 
Equation (|2.6I) allows to introduce the potentials pi : 7L K — > ID* such that 

(2.7) Uij = pl l Pi{j). 

When P is commutative, i.e. a field, the functions pi can be parametrized in terms of a single potential r 
(the tau-function) 

(2.8) ft = (_i)E fc >«»* Zi» 

T 

and then the functions Uij can be parametrized in terms of a single potential r 

(2.9) Ui^^^, Kj, 

which solves equation (|2.6I) . Then equations (|2.5j) reduces to the celebrated Hirota system [3 7) 

(2-10) T (t) T Uk) - T (j) T (ik) + r (fc) T (y) =°) l<i<j<fc<7V. 

Remark. The linear system (|2.ip written [25] in terms of nonhomogeneous coordinates (the affine 
gauge) leads to the non-commutative discrete modified KP system [53 . 

A crucial property of the Hirota equation (originally written for N = 3) is that the number of 
independent variables can be arbitrary large. Such a multidimensional consistency is nowadays placed at 
the central point PQ 152) of integrability theory. The relation of four dimensional consistency of the Hirota 
equation (in its Schwarzian form) and the Desargues configuration has been observed by Wolfgang Schief. 

2.2. The Darboux transformations of the Hirota equation. Below we present the theory 
of Darboux-type transformations of Desargues maps and of the corresponding solutions of the non- 
commutative Hirota equation. Its geometric content follows closely the theory of transformations of 
quadrilateral lattices |48l 132) , for analogous algebraic results in the commutative context see [54|, 127) . 

2.2.1. Elementary Darboux transformation of the Desargues maps. 

Proposition 2.1. Given a solution 9: Z N — > D x of the linear system (|2.4|) of the non- commutative 
Hirota equation then 

(2.11) # I, = * (j) -*0- 1 % ) 

satisfies the linear system of the same form 

(2-12) *? ii -*% ) = * 13 U%, i^j<N, 

with the transformed potential 

(2-13) U^ = 9^9U ij 6^ ) d {ij) , i+3- 

Corollary 2.2. Let <& v be constructed from $ as above. 



1) The transform $ of $ does not depend on the index i. 

1 *f(i) 



2) Points of the Desargues map described by <fr I> ; the corresponding points of the map represented by <&( 



and the points representing $ are collinear for all 1 < i < N . 
3) The potentials pi transform according to the formula 

(2.14) pf = 

3)The function Q~ x satisfies the equation 
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Definition 2.1. The Desargues map (fP : Z N — > P M (D) is called elementary Darboux transform of 
the Desargues map <f>: 1j N — > P M (B) if points of (jp are incident with the lines of nearest neighbours of 
the corresponding points of (p. 



Remark. Geometric meaning of the formula (I2.11[) is as follows |32j . Using 9 we extend the Desargues 

map represented by 3? from P M (ED) to the map represented by f ^ ^ in the space of one dimension more. 

Then its elementary Darboux transform is given by intersection of the line of positive neighbours of the 
extended map with its natural projection (the line of positive neighbours of <&) on the initial hyperspace 



From that it follows that in the generic case elementary Darboux transforms can be described in algebraic 
terms as above. 

2.2.2. Elementary adjoint Darboux transformation of Desargues maps. 

Definition 2.2. The Desargues map (jP : Z N — > P M (D) is called elementary adjoint Darboux trans- 
formation of the Desargues map <f> : Z N — > P M (ED) if <fi is Darboux transformation of points of <fp . 

We will derive the algebraic formula of the transformation. Let 9 be the solution of the linear system 
satisfied by $ = <fr (in the Hirota gauge) which defines the corresponding solution 3? = $ of its 
Darboux transform, then by point 4) of Corollary 12.21 above the function 9* — 9~ 1 satisfies the equation 

(2-i7) 0&)-*(i) = Mii)> Mi, 

called the adjoint of equation (|2.4I) . To proceed further we state the Lemma, which can be demonstrated 
by direct calculation 



Lemma 2.3. Given (column-vector) solution <fr : Z w — > H) M , of the linear system (|2.4j) . and given 
(row-vector) solution : Z w — > (H) K ) T , of the adjoint linear system (|2.17[) . These allow to construct the 
matrix valued potential f2[3>, <&*] : Z N — > Mat^(D), defined by the compatible system 

(2.18) -n[*,#*] =**(*), i=l,...,N. 

Proposition 2.4. Given solution 9* : 7h N — > B x of the adjoint equation (|2.17|) of the linear system 
(HO)) of the Desargues map 4>:Z N ^ P M (B) then 

(2.19) & v " = fi[*,0*]0*-\ 

represents the elementary Darboux transform (jp : 1, N — > P M (D), and satisfies the linear system (|2.4[) 
with the potentials 

(2-20) uf* = 0*0*^ u tj eye*^ 1 , pT = PiOy*- 1 - 
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Proof. It is enough to check that formula (|2.11[) in the present notation reads 

• =((**>) w -*»>) 

Transformation rules of the potentials can be derived directly, but actually they follow from interpretation 
of equations (I2.13[) and (|2.14p in the present notation. □ 

The duality between the elementary Darboux transformation and the adjoint elementary Darboux 
transformation follows from the transformation formulas below, which will be useful in the next section. 

PROPOSITION 2.5. Given a solution : Z N — > (p K ) T of the adjoint linear system ()2.17|) and given 
solutions 9: Z N — > D x and 9* : Z N — > ID* of equations (|2.4p and (|2.17p . correspondingly. Then 

1 ) the function 

satisfies the adjoint linear system (|2.17|) with the potentials Uj? given by (|2 . 1 3|) ; 

2) the function 

=<f>* ( _ l) -9* { _ l) 9*- 1 <i>* 

does not depend on the index i and satisfies the adjoint linear system (|2.17j) with the potentials Ujj given 
by dOTO . 

2.2.3. The vectorial binary Darboux transformations and their superpositions. 

Definition 2.3. A superposition of elementary Darboux transformation and adjoint elementary Dar- 
boux transformation of Desargues map (or equivalently of solution of the Hirota system) is called binary 
Darboux (or fundamental) transformation of Desargues map (of the Hirota system). 

We remark that such transformations play fundamental role [32] in geometric theory of transfor- 
mations of multidimensional lattices of planar quadrilaterals (or discrete Darboux system) , see also sec- 
tion 12.41 Before doing any calculation let us demonstrate that the quadrilateral whose vertices are the 
corresponding points </>, (f>^ and its binary Darboux transformed <f> , </>^ are coplanar. Indeed, both (j) 

and (j)^ are elementary Darboux transformations of (p D , and simultaneously elementary adjoint Darboux 
transformations of (\P as visualised on Figure [5J 

Let us present the algebraic description of the binary Darboux transformation, which can be checked 
by direct calculation, see also [481 132L 127] . 

Proposition 2.6. Given solution 9: Z N — > D x of the linear system (|2.4[) of the Desargues map 
(j> : Z N ->• P M (D) represented by solution * : Z N ->• of (£1, and given solution 9* : Z N -> P x of 

its adjoint §2,. 17 1 then 

1 ) the vector valued function 

*^ = * - 6*]Cl[6, 0*] _1 0, 
is a solution of the linear system (|2.4[) with the transformed potentials 

u? = u tj - {9*n[9,9*r 1 o) (l) + {e^iexr^)^ , P f = Pl (i + 9* {l) n[9,9*r 1 9) ; 

2) it is obtained as superposition of transformations 

* A * D B -Z ($ v ) v ' = 9* v = 9- 1 tl[9, 9*]; 

3) it is obtained as superposition of transformations 

($ v *) v = 9 V * = n&e^e*- 1 ; 

3) the corresponding fundamental transformation of the solution : Z N — > (Ji K ) T of the adjoint linear 
system (I2.17[) reads 

= * 9*n[9, 9*}- 1 n[9, **]. 
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In the above Proposition the scalar solutions 9 and 9* of the linear problem \2A\ and its adjoint 
(|2.17j) can be replaced by vectorial solutions : Z w — > D p and 6* : Z N — > (D P ) T , where the number 
of components of both column- and row-vectors is the same. We obtain then vectorial binary (and 
also vectorial Darboux and adjoint Darboux) transformations. Vectorial binary transformations can be 
obtained as superposition of scalar binary Darboux transformations, which follows from the following 
observation. 



Proposition 2.7 (|32j. Assume the following splitting of the data of the vectorial binary Darboux 
transformation 

■ Qa 

Q b 



associated with the partition ED = ED a ® ED 6 , which implies the following splitting of the potentials 

|U ' H ^ fife',**] j' [ ' 1 ~ \ «[e b ,e;] ^[e & ,e*] 
n[* ) e*] = (n[#,ea n[*,e;] ). 

Then the vectorial binary Darboux transformation is equivalent to the following superposition of vectorial 
binary Darboux transformations: 

1) Transformation <fr — > $^ a ^ and <!?* — > <l>*{ a } with the data O a , 0* and the corresponding potentials 

n[#,ea, n[e a ,e* a ], and r»[e a ,**] 

(2.21) * {a} = * n[*, o* a ]n[o a , e;]- x ef 

(2.22) ** {a} = ** e^[e a , e*] _1 n[8°, **]. 

2) Application on the result the vectorial fundamental transformation with the transformed data 

e; {a} = e; - e* a n{e a , e:]- 1 ^, e* b ], 

and the potentials 



fi[e b , e^] {a} = «[e b , e* b ] - n[o b , e* a ]Q[e a , e* a ]- 1 n[Q a , ej] = ft[e h{Q} , e* 



{«}] 

n[#, e^] {a} = ej] - n[#, e;]^[e a , e*]- 1 ^", e;] = ^[* {a} , e; {a} ], 



which gives 



Remark. The same final result we obtain starting from the binary transformation with the data 8 b , 
01 and suitably transforming the other part of the data. 

2.3. The A-type root lattice description of symmetries of the Hirota equation. The defi- 
nition of Desargues maps, as given above, does not take into account symmetries of the underlying Veblen 
and Desargues configurations. In this section we review result of [26j where the Desargues maps were 
studied from the point of view of the root lattices of type A and the corresponding affine Weyl groups. 
See also [561 1571 160) for applications of the theory of root systems to Painleve equations. 

Recall [9] , 113] that iV-dimensional root lattice Q(An) is generated by vectors along the edges of regular 

i 

TV-simplex. If we take the vertices of the simplex to be the vectors e, = (0, . . . , 1, . . . , 0) of the canonical 
basis in M Ar+1 then the generators are = e,* — ej, 1 < i ^ j < N+l. This identifies the root lattice as the 
set of all vectors (mi, . . . , TOjv+i) G Z N+1 of integer coordinates with zero sum mi + ■ • ■ + totv+i = 0. The 

scalar product (-|-) in the corresponding hyperspace V = {(xi, . . . , ieat+i) G R^" 1 " 1 ! X\ H + Xn+i — 0} 

is inherited from the ambient M w+1 . The simple roots of the lattice are the vectors oti = e; — e^+i, 
1< i < N. 
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Figure 3. A fundamental parallelogram (with the corresponding basis of vectors) of the 
Q{Az) root lattice decomposed into its Delaunay tiles: two tetrahedra P(l, 3) and P(3, 3), 
and the octahedron P(2, 3). 

The holes in the lattice are the points of V that are locally maximally distant from the lattice [131 1511 . 
The convex hull of the lattice points closest to a hole is called the Delaunay polytope. The Delaunay 
polytopes of the root lattice Q(An) form a tessellation of V by convex polytopes P(k, N), k = 1, . . . , N, 
see Figure [H In particular, tiles of type P(1,N) are congruent to the initial iV-simplex generating the 
lattice. One can colour two dimensional facets (always triangles) of all Delaunay polytopes using two 
colours: black triangle belongs to a tile P(1,N), and white triangle does not. In particular, all two 
dimensional facets of 7V-simplices P(N, N) are white. 

The Weyl group Wo (An) is the Coxeter group generated by reflections r^, 1 < i < N, with respect of 
the hyperplanes through the origin and orthogonal to the corresponding simple roots 



The group Wq(An) is isomorphic to the symmetric group Sn+i which act by permuting the vectors e,, 
1 < i < iV + 1; the generators are identified then with the transpositions Cj = (i, i + 1). The affine Weyl 
group W(An) is the Coxeter group generated by ri,r2, . . . ,Tn and by an additional affine reflection rp 



where a = e\ — eN+i is the highest root. It is well known fact |51j that the affine Weyl group acts on 
the Delaunay tiling by permuting tiles within each class P(k,N). 

Let us introduce Z N coordinates in the root lattice Q(An) by the identification 7L N — J2i=i = 
Q(An)- Then the Desargues maps can be redefined as maps cj> : Q(An) — > P M (IB)) such that the vertices 
of each basic iV-simplex P(l,N) are mapped into collinear points. Such a characterization exhibits the 
affine Weyl group symmetry of Desargues maps. 

Theorem 2.8. If cf> : Q(A N ) -> P M is a D esargues map then also for any element w of the affine 
Weyl group W(An) the map (j)ow is a Desargues map, where we consider the natural action ofW(AN) 
on the root lattice Q(An). 

Before considering algebraic consequences (on the level of the non-commutative Hirota system) of the 
above geometric approach to Desargues maps let us discuss configurations of points and lines derived as 
images of particular tiles P(k, L). First notice, that because the tile P(2, 3) has six vertices, and its faces 
are four black triangles and four white triangles, then its Desargues map image produces (see Figure |4|) 
the configuration of six points and four lines — each point is incident with two lines, and each line is 
incident with three points We remark that such point of view was used to define the so called Laplace- 
Darboux maps |61j of the FCC lattice, and provided a symmetric description of the Laplace sequences of 
two dimensional discrete conjugate nets |59l 118] ; see also section 12.41 

Next we consider image of a tile P(3,4), where an analysis along the lines described in |51j demon- 
strates that it consists of: (i) 10 vertices, (ii) 10 black triangles (and no black tetrahedra) of which exactly 
3 meet at any vertex of the tile, (iii) 5 facets P(2,3). Desargues maps produce then a configuration of (i) 



(2.23) 



7*2 : v i — ^ v — 2 



(v\ctj) 



(2.24) 




s 



ADAM DOLIWA 




<t> 



Figure 4. The Veblen configuration (62,43) as the image of the tile P(2,3) under a 
Desargues map 

10 points and (ii) 10 lines — each line is incident with 3 points, and each point is incident with 3 lines, 
moreover (iii) the configuration contains exactly 5 Veblen configurations. It is known |47j that the last 
property select the Desargues configuration among other configurations satisfying the first two. 

Finally let us present algebraic counterpart of the geometric considerations on symmetries of Desargues 
maps and of the non-commutative Hirota system. Notice that the linear system (|2.4|) in the present 
notation reads (here n 6 Q{An) denotes an arbitrary point of the root lattice) 

(2.25) <t> N+1 (n + e? +1 )-<£ N+1 (n + ef +1 ) = & N+1 (n)U% +1 (n), l<i^j<N, 
with the corresponding potentials p^ +1 , 1 = 1, • • • , N, such that 

DSSf 41 (n)-W ,+1 (n)]"V +1 (» + «f +1 )- 
The upper index N + 1 denotes a "sector", i.e. the choice of a basis along edges of the initial iV-simplex 
of the lattice. Another basis where the index i is fixed, and j ^ i, is geometrically equivalent to the 

previous one, and should give a similar linear problem. 

PROPOSITION 2.9. The functions Q(A N ) ->■ B M+1 given by 

(2.26) *>) = (-l)("l £ " +1 )* w+1 (n) [pf +1 (n)] _1 , 
satisfy the linear system in the i-Th sector 

(2.27) #*(n + e}) - + 4) = &(n)Vjk(n)> *. J> k distinct, 
where 

(2.28) Ui k (n)=[p)(n)]- 1 pi(n + ei), 



and the potentials are given by 
(2.29) pUn) 



v [pf +1 (nr\ j = N + l. 

In consequence the functions £//■ satisfy the non- commutative Hirota system 



(2.30) t^-(n) + ^(n) = 0, t7^.(n) + E^ fc (n) + ^(n) = 0, 

(2.31) U e kj (n)UUn + e^) = UUn)U e kj (n + e\), 

where the index £ is fixed, and all other indices i,j,k are different from £, mutually distinct and, range 
from 1 to N + 1. 

Notice that changing the sector can be understood as a symmetry transformation of both the linear 
and nonlinear systems. Other generators of symmetries are translations and permutations of indices within 
a fixed sector. 
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Before we describe the affine Weyl group symmetries of the non-commutative Hirota system we observe 



Pj( n )Pi( n ) — P^( n )j where by definition p\ = 1. 



that 
(2.32) 

It is natural to associate p l j (n) with the oriented edge [n, n + ej] of the root lattice, and define the action 
of the affine Weyl group on the functions through its action on the edges. In particular, the actions of 
the generators fj, i = 0, . . . , N, of the affine Weyl group is given by 



(2.33) 



(»";.p£)(n) = P^(fe)(n(n)), 

where cr's are the transpositions = (i, i + 1), i = 1,...,N, and Co 
potentials Z7j fe follows from action on the potentials . 

We distinguish the simple root functions p l — p l i+1 , i — 1, . . . , N, which are attached to the simple 
roots directions. One can check, using the condition (|2.32j) . that for i < j we have 

(2.34) p\ p> '...//• P{ = (p)r 1 - 

Let us define also the function p° as attached to the direction of the root ag 

(2.35) p° = (p N p N -K..pi)-\ 



(1, N + 1). The action on the 



-a, which by (|2.34j) gives 



Proposition 2.10. The action of the generators Ti, i — 0,...,N, of the affine Weyl group on the 
functions p 3 , j = 0, . . . , N , is given by 

(2.36) {n.fj){n) = [(pO _a VV)- a '']fa(n)), 

where and aj^ are the "upper" and the "lower" parts of the Cartan matrix of the affine Weyl group 
W(A N ) 



(2.37) 



f 

-f 








1 

-1 



1 



-1 



-1 

1 -1 







1 











2.4. Desargues maps and multidimensional quadrilateral lattices. Let N = 2K—1 be odd, we 
will first describe Z K = Q(Bk) root sublattices of Q{A%k-i)- We split the standard basis vectors (e^fi^ 
into K pairs (we order pairs and elements within the pairs). We fix the splitting (ei, ez), . . . (e2K-i, &ik), 
any other splitting can be obtained by action of the symmetric group Sik = W / o(^2a:-i)- Define vectors 
Ei = e2i— i — e2i, i = 1, • • • , K, which satisfy the orthogonality relations 

(Ei\Ej) = 26ij, 

and generate the Z K sublattice (with rescaled standard scalar product) in the root lattice Q(A2K-%). 
Notice that the change of orientation of the vector Ei (which means transposition of the corresponding 
pair) or transposition of the vectors Ei and Ej (which means corresponding permutation of pairs) are 
automorphisms the sublattice. Therefore we have (2K)l/(2 K K\) — (2K — 1)!! different such sublattices 
(the origin is fixed) in Q(A 2 k-i). 

The above mentioned automorphisms of the lattice can be described as reflections in (the hyperplanes 



orthogonal to) the vectors Ei or to the vectors Ei 



The minimal (in order to obtain all above 



mentioned symmetries which generate the group Wo(Bk) — Zf' x Sk) set of such vectors is the standard 
simple root system of type Bk 



(2.38) 



E\ — E2 



E 



K-l 



E 



K j 



E 



K ■ 



We are now in a position to describe relation of Desargues maps to the multidimensional quadrilateral 
lattice maps [181 128) , which are maps ip : Z K — > P M (D) characterized by the condition that for arbitrary 
m G 2j K and for any pair of indices i ^ j the points ip(m), ip(m + Ei), ip(m + Ej) and ip(m + Ei + Ej) 
are coplanar. Instead of the Hirota system (or discrete modified KP system) we have then, for K > 3, the 
so called discrete Darboux equations [8] . The Desargues map condition of collinearity of three points may 
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<2i-l,-2i,2K-l) 




(2i-l,-2i,2j-l,-2j) 



(-2i,2j-l) 



H-2j) 



Figure 5. Planarity of elementary quadrilaterals of Q(A 2 k-i) Desargues maps restricted 
to Q(Bk) root lattices. 



be considered as degeneration of the quadrilateral map condition of coplanarity of four points. However 
it turns out [25] that both objects are almost equivalent, as described below. 



Theorem 2.11. Given Desargues map </>: Q(A 2 k-i) —> P(D) M 7 then its restriction to Q{Bk) sub- 
lattice is a quadrilateral lattice map, and the Desargues map can be recovered from its quadrilateral map 
restriction. 

Proof. Let us introduce the following change of 1? K ~ 1 coordinates in the lattice Q(Aik-\) 

1<J<K, 



2K-1 

i=i 



K 
.7=1 



3=1 



-2,7 



i.e. 



n 2 j-i 



'j ■ 



ri 2j 



3 ' 



where we also defined n 2 x 



-(m 



n 2 K-i), which implies £\ 



Ik = 0. We have therefore 



= EL mjEj £ Q{B K ) = 1 K , and I = {£ u . . . ,£ K ) £ Q{A K -i). 



? M given by tp e (m) = <j>(n), where the relation 
. , 0) we obtain therefore the restriction of our 



For fixed I £ Q(A K -i) define the map ip e : Z K - 
between n and m and £ is given above. For £ = (0 
Desargues map $ to the root lattice Q(Bk) which we would like to show is a quadrilateral lattice map. 
We will demonstrate that for arbitrary I £ Q(Ak), which we will use in the next part of the proof. 

To show planarity of elementary quadrilaterals in variables and thk-, i ^ if, notice that upon 
identification of ip e with <p the point V'fm should be identified with <P( 2 k-x)- Moreover the point ip,^ 61+63 ( 

Because 



where is the vector of the canonical basis in Z K D Q(Ak-i), should be identified with 



the points < 



(2K-1) 



and 1 



(2i-l) 



(2i-l) 



collinearity of tp e , tpf K \ and ip. 



are collinear from the very definition of Desargues maps we have therefore 

should be identified with 



are 
and 



j^ k ^ cxiiu (see Figure [5]). Similarly, the point ip^ 

0(2i-i,-2i)) an d the point ip^ with <A(2i-i,-2i,2K-l)- Again we have that ^ 

collinear, which together with the previous collinearity imply coplanarity of the points tp e , ^(K)' ^(i) 
Wyv The corresponding calculation for variables m, and rny, where 1 < i ^ j < K , was performed in 
[25] , and here we just refer to Figure [5] 

The transformation of the map ip : % K — > P M into ^+ e i~ e j : 1, K — >• P M is called the Laplace trans- 
formation Cij [18, 32,. Geometrically it is given by intersection of opposite tangent lines of planar 
quadrilaterals, as visualized in Figure [5] By iterative application to the restricted quadrilateral lattice 
map it allows to reconstruct the whole Desargues map (p. □ 

Corollary 2.12. Any quadrilateral lattice map can be extended in the above described way to the 
corresponding Desargues map. 

Proof. It is known |18L 132] that the Laplace transformations can be defined for generic quadri- 
lateral lattice maps giving new quadrilateral lattice maps. Moreover, they satisfy relations 



Cn o Cji = id , 



Cjk O C^j Cj /I 



Chi ® £ 
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which allows to parametrize the quadrilateral lattices generated from one quadrilateral lattice via the 
Laplace transformations by points of the root lattice Q(Ak-i) |33j and introduce, in addition to the 
initial m <E 1 K variable of the quadrilateral lattice map, the new £ £ Q(Ak-i) variable. After the 
change to the n £ Q(A 2 k-i) variable as above one obtains from an arbitrary quadrilateral lattice map 
the corresponding Desargues map. □ 

At this point we may study the quadrilateral lattice maps and the corresponding discrete Darboux 
equations, their Darboux-type transformations and reductions. Apart from above cited works see also 
[IS[40l[2l[T9l[29l[20l[2S for geometric but also analytic (in the case of the field of 

complex or real numbers) tools to study such maps and corresponding solutions of the discrete Darboux 
system. Investigation of such maps in the general division ring context has been initiated in [24] . For 
the relation of the quadrilateral lattice maps with Zamolodchikov's tetrahedron equation [70] and related 
integrable quantum field models, which was an important motivation for results presented in the next 
section, see [H [62] . 

3. The quantum plane structure maps 

In the previous part of the paper no commutativity on the level of the dependent variables was 
assumed. Obviously, all results obtained there are valid for commutative dependent variables as well, where 
also additional techniques are available. See [43] for application of the algebro-geometric techniques and 
[25] for application of the non-local 9-dressing method in the complex field case, and [5] for modification 
of results of [421 143] to the finite field case. 

As it was observed in [31] the Desargues map equations (12.2[) - (|2.3[) . which in particular gauge give 
the non-commutative Hirota system (|2.5[) - (|2.6[) . can be decomposed into two maps which are solutions of 
the functional pentagonal equation. Recall that a map W:XxX->XxX satisfies the functional (or 
set-theoretical) pentagon equation [69] if 

(3.1) W12 a W 23 = W 23 o W 13 o W12, in X x X x X, 

regarded as an equality of composite maps; here Wij acts as W in i-th and j-th factors of the Cartesian 
product. 

Another observation made in [31] was that the ultra-locality restriction imposed on these maps leads 
to Weyl commutation relations and gives rise to the corresponding solutions of the quantum pentagon 
equation [3] . Guided by the application of the quantum pentagon equation in the quantum group theory 
we will exploit the pentagonal maps related to the Hirota system in order to define a bialgebra structure 
in the quantum plane algebra. 

3.1. The normalization map. 

3.1.1. Pentagon property of the normalization map. The first part l|2.2[) of the Desargues map equa- 
tions relates coefficients of linear equations ([2.1[) of collinear points of nearest positive neighbours of cj). We 
study in more detail such a relation for four distinct collinear points A, B, C, and D (compare Figures [T] 
andinj). Denote by I = A, B 7 C, D corresponding homogeneous coordinates of the points and consider 
the following two pairs of linear relations 

*D =&A%2 + *C2/2, *B =*B^2 + *C2/2- 

They define a birational map 

W:B 2 xD 2 3 {{ Xl , yi ),(x 2 ,y2)) -*((xi,yi),(x3,V2)) e ID> 2 x D 2 , 

given explicitly by 

(3.2) £i=x 2 +xiy 2 , 2/1=2/12/2, x 2 = -y 1 x^[ 1 x 2 , y 2 ^y 2 + x^ 1 x 2 . 

We represent graphically the map W as follows: linear relations between homogeneous coordinates of 
triplets of collinear points are represented by triangles. The information about the x and y coefficients 
of a linear equation is encoded in the arrow which starts at the edge pointing the ^-coefficient point and 
ends at the edge pointing the y-coefficient point. The vertex where the arrow is placed represent the point 
with the coefficient equal to one, see Figure [6] 
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Figure 6. Graphic representation of the linear relations for the normalization map W 



B 




D E D E 



Figure 7. The pentagon property of the map W 

Let us present an important property of the map W . It can be best seen if we add a fifth collinear 
point E to the previous four points. We start from three linear relations visualized on Fig. [7] and perform 
the transformations according to the geometric description of the map as described on Fig. [6] There are 
two ways to change the linear systems, as illustrated on Fig. [7]), and both give the same result, which can 
be formulated as follows. 

Proposition 3.1. The map W : ES> 2 x ED 2 3 ((xi,yi), (x 2 ,y 2 )) — » ((xi,yi), (x 2 ,y 2 )) £ B 2 x I 2 given 
by equations ()3.2|) satisfies the functional pentagon equation (|3.1j) . 

Proof. Those who are not convinced by the above geometric arguments can check directly that 

/xi,yi\ I x 3 + x 2 y 3 + xiy 2 y3, ymy3 \ (xi,Vi\ 

1^120^23 £2,2/2 = -yiXi 1 (x 3 + x 2 y 3 ), V2V3 + x^ 1 (x 3 + x 2 y 3 ) =W 23 oWi 3 oWi 2 \x 2 ,y 2 \ . 

\x 3 ,y 3 J \ -y 2 x 2 1 x 3l y 3 + x 2 ~ 1 x 3 J \x 3l y 3 ) 
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□ 

3.1.2. The ultra-local reduction of the normalization map. Let us assume that the elements Xi, yi with 
different indices commute 

(3.3) XiXj = XjXi, ViUj — UjUii KiVj = Uj^ii i 7^ 3i 

We are interested in the situation where the same holds for output elements 5j, yi of the map W . Denote 
by k G Z(D) a fixed subfield of the center of the division ring, and let us make few technical (general 
position) assumptions: 

1) The elements Xi, yi, i = 1, 2, do not belong to the field k and are linearly independent (as elements of 
the k- vector space D). 

2) The intersection of division hulls generated by elements Xi,yi, i = 1,2, is the field k only. 

The following result was obtained in |31j for the inverse of the map W. 

Proposition 3.2. If the normalization map W preserves the ultra-locality conditions (|3.3p then, under 
the above general position conditions, there exists a q G k x such that the Weyl commutation relations hold 

(3.4) x i y l = qy i x i , i = l,2. 
Proof. Commutation between x\ and x 2 leads directly to equality 

xiVix^Vi 1 = ^2y 2 x 2 x y 2 x , 

which by the second part of the general position conditions gives the statement. Other three ultra- locality 
conditions for the output elements give the same result or are trivially satisfied. □ 

Denote by k g [x, j/] the quantum Manin plane |49l |39j generated by indeterminates x,y satisfying 
the Weyl g-commutation relations xy = qyx. The k-subalgebra k g [xi, y±, x 2 , y 2 ] of division ring D is 
isomorphic to k q [x,y]® 2 . It is well known |10j that both k g [a;,y] and k,j[iz;,y]® 2 have division algebras 
of fractions (called algebras of quantum rational functions), denoted by k q (x,y) and k. q (x\, yi, x 2 , 2/2), 
correspondingly. 

It is easy to check that the output elements satisfy not only the ultra-locality condition (which we 
assumed) but also the map preserves the Weyl commutation relations. 

Corollary 3.3. The map W provides automorphism of the division algebra k g (xi, y\, x 2 , y 2 ). 

In the quasiclassical limit q — > 1 the g-commutation relations are replaced by the Poisson algebra 
structure in the field h(xi,yi, x 2 ,y 2 ) of rational functions of four variables, with the bracket given by 

(3.5) {xi, yi} = Xiy h {xi,Xj} = 0, = 0, {xi,yj} = 0, i ^ j. 

In consequence, the normalization map W is also a Poisson automorphism of the field k.(x\, y%, x 2 , y 2 ). 

3.1.3. The bialgebra structure of the quantum plane. In this Section we use the identification of 
\[xi,yi,x 2 ,y 2 ] with k q [x,y] (g>k q [x,y], i.e. 

xi=x(g>l, 1/1=2/(8)1, x 2 = l®x, y 2 = l®y- 

We use also the embedding of k q [x, y) into k q [x, y] (g> k g [a;, y] as the first factor, generated by 

x h-> x ® 1, y !-)• y (g) 1. 

Then, by Corollary 13.31 the map W allows to define unital homomorphism of algebras A : k g [x,y] — > 
k q [x, y] (g> k q [x, y], given on generators by 

(3.6) A(x) = 1 ® x + x ig) y, A(y) = y®y. 
Such a A is coassociative 

[(A®id)oA] ( X ) = f 1 ^ 1 ® x + l0 ^ y + a;0?/ ® y U[(id®A)oA] ( x ), 
\yj V y®y®y J \yj 

which can be checked directly, but actually it is a consequence of Proposition 13.11 
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Figure 8. The Veblen flip and its simplex representation 

Remark. In [31] we represented in a special case the (inverse of the present) map W by an inner au- 
tomorphism W of suitably completed k. g (xi,yi, x%, 2/2), which up to appropriate scaling satisfies quantum 
pentagon equation 

w 23 w l2 = w 12 w 13 w 23 . 

The inner authomorphism operator W can be constructed in terms of the so called non-compact quantum 
dilogarithm function |35l 1681 138] . Then the coproduct A is defined by equation [3] 

A(a) = W(o®l)W -1 . 

Given the coproduct A we can find in the standard way (see for example [64L I39j ) the other structure 
maps. In looking for a unital homomorphism e : k. q [x, y] —> k (the counit) compatible with the coproduct 

(e (g) id) o A = id = (id <g> e) o A, 

we find after simple calculation 

e(y) = l, e(x)=0. 

In this way we completed derivation of a bialgebra structure of the quantum plane. 

The above bialgebra can be extended to the Hopf algebra structure, provided we enlarge k g [x, y] to 
k.g[x, y, y~ 1 ]. The antipode antihomomorphism S : k. q [x, y, y^ 1 ] — > h q [x, y, y^ 1 ] can be found from the 
compatibility condition 

^2S(a (1) )a,( 2) = ^a (1 )5(o( 2 )) = e(a)l, where A(q) = }^a (1) ® q (2) , 

(a) (a) (a) 

and is given on the generators by 

S(y) = y~ 1 , S(x) = -xy- 1 . 

This is the standard Hopf algebra structure on the quantum group of affine transformations of the line 
[3], see also |64j for the free algebra case. 

3.2. The Veblen flip and its pentagonal property. 

3.2.1. Symmetry of the Desargues configuration and the Veblen flip. As it was explained in [31] the 
second part (12. 3p of the Desargues map system describes the Veblen configuration (all the points on 
Figure [T] except of (f>) . To study the Veblen configuration it is convenient to exploit its symmetry, and we 
label its points by two (different) letters out of four. Then the lines are labelled by three letters, and the 
incidence relation is defined by containment, see Figure [5J Given five labelled points of the configuration, 
which belong to two initial lines, we can uniquely determine the sixth point as the intersection of two new 
lines. Algebraically, we start from two linear relations, which is convenient to chose in the form 
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After the Veblen flip two new lines intersecting in the new point BD give the relations 

*4B =<$>ADW[ + ^BDU[, 
*BC =<&bdw' 2 + &CDU 2 , 
which define the map W G : D 2 x D 2 3 ((u^wt), (u 2 ,w 2 )) —-> ((u' 1 ,w' 1 ), (u' 2 ,w' 2 )) e D 2 x B 2 

(3.7) u' 1 = Gw\, w[ = w 2 wi, u 2 = — u 2 w\Ui , w' 2 =GwiUi , 

where the free parameter G represents allowed scaling in definition of homogeneous coordinates of the 
new point 

*BDG = &ABW1 1 ~ ®ADW 2 = *BC«lWf 1 + *CD"2- 

For our purposes it is convenient to attach the four letters A, B, C, D to vertices of a simplex. Then edges 
of the simplex label points of the Veblen configuration, while its faces label lines of the configuration, 
see Figure [5] Notice that in such a representation the Veblen flip map W G has the same description 
as the previous map W. The only difference is that the variables u and w are attached to edges of the 
simplex, and the edge opposite to the arrow represents the point of the configuration with homogeneous 
coordinates on the left hand side of the corresponding linear equation with the coefficient equal to one. 
Such similarity allows to consider For our purposes it is important to have the description of the Veblen 
flip map in the pentagon property of the Veblen flip map map W G . 

Proposition 3.4. The map W G : D 2 x D 2 3 (u 2 ,w 2 )) — » ((u' 1 ,w' 1 ), (u 2 ,w' 2 )) e D 2 x D 2 

given by equations (|3.7p satisfies the functional pentagon equation 

(3.8) W v ,oW 2 u 3 = W 2 %oW? 3 oW£,, m B 2 x O 2 x B 2 , 
provided the parameters of the maps satisfy the relation 

(3.9) V = Yw 2 , ZX = -Uw 2 . 
Proof. By direct calculation 

Vwi, W3W2W1 

WY 2 oW 23 ( u 2 ,w 2 I = ( -Uw 2 wiu^ x , Vwiu^ 1 



1 Ul. 


Wl\ 




u 2: 




-( 


\U3: 


w 3 J 





-u 3 w 2 u 2 1 , UW2U. 1 



and 



Yw 2 w\, W3W2W1 
W^oW&oWu I x 2 ,y 2 I = I ZXwiu^ 1 , Yw 2 w 1 u^ 1 

-u^w 2 u 2 , —ZXu 2 l 




□ 



To understand the geometric origin of the pentagon relation property of the Veblen flip let us start 
from seven points of the Desargues configuration which belong to three of its lines, see Figure [5] By 
making a sequence of Veblen flips, which can be combinatorially represented in the same way like that for 
the normalization map W (on Figure[7|), we can recover all the other points of the Desargues configuration. 
Conditions (|3.9|) result from adjustment of homogeneous coordinates of two points BE and CE (the third 
new point BD is not constructed in the "upper" way). 

3.2.2. Quantum reduction of the Veblen flip map. Like in the case of the normalization map W we 
will be interested in the ultra-local reduction of the Veblen flip map. In that case we also "fix" the gauge 
parameter G of the map in the sense that it depends on its arguments as follows 

(3.10) G(m, wi, u 2 , w 2 ) — (au2 + (iui2Ui)w^ 1 , a,f3€k, 

which effectively gives dependence of the map on two scalar (we assume both do not vanish simultaneously) 
parameters. Then the map, which we denote from now on by W {a ^ reads 

(3.11) Ui = au 2 + f3u\w 2 , = W1W2, u' 2 — ~w\u^ l u 2 , w' 2 = au^ 1 u 2 + 0Ui, 

and in the case of a = j3 = 1 reduces to formulas (|3.2j) . 

Again, the map W 1 -"'^ supplemented with the ultra-locality requirement and generic position as- 
sumptions selects the Weyl commutation relation, and in particular we have the following result (obtained 
in [31] for inverse of the map) which can be verified directly. 
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Figure 9. Combinatorics of the Desargues configuration; the initial seven points of the 
configuration used to study the pentagonal property of the Veblen flip map are distin- 
guished by solid lines 

Corollary 3.5. The map W^ a '^' provides automorphism of the division algebra h q (ux,wi, 112,11)2), 
and in consequence also gives Poisson automorphism of the field k(iti, W\, 112, 11)2)- 

The pentagonal property of the Veblen flip map W G transfers on the level of its ultra-local version 
as follows. 

Proposition 3.6. For q-commuting ultra-local arguments Ui, Wi, i = 1, 2, 3, the map given by 

(|3.11[) satisfies the functional pentagon equation 

(3.12) W { ^ v3v) o uM = W^ z ' Pz) o W^ Y ' M o W^ x ' px \ 
provided the (spectral) parameters of the maps satisfy the relation 

(3.13) a x = a v (3 z , a Y = aua v , a z =a u (3 x , ftu = PyPz, Pv = PxPy- 

Proof. It is enough to check that the condition (I3.9P in the case of the gauge parameter G given by 
p.lOp and the ultra- locality requirement reduces to the condition (|3.13|) . □ 

Remark. The corresponding solution of the quantum pentagon equation was constructed in [31] . 

Acknowledgments 

I would like to thank Sergey M. Sergeev for fruitful collaboration on the work [31 j . The research was 
supported in part by the Ministry of Science and Higher Education grant No. N N202 174739. 

References 

1. V. E. Adler, A. I. Bobenko, and Yu. B. Suris, Classification of integrable equations on quadgraphs. The consistency 
approach, Comm. Math. Phys. 233 (2003) 513-543. 

2. A. A. Akhmetshin, I. M. Krichever, and Y. S. Volvovski, Discrete analogues of the Darboux-Egoroff metrics, Proc. 
Steklov Inst. Math. 225 (1999) 16-39. 

3. S. Baaj, G. Skandalis, Unitaires multiplicatifs et dualite pour les produits croises de C* -algebres, Ann. Sci. Ecole Norm. 
Sup. 26 (1993) 425-488. 

4. V. V. Bazhanov, V. V. Mangazeev, and S. M. Sergeev, Quantum geometry of three-dimensional lattices, J. Stat. Mech.: 
Th. Exp. (2008) P07004. 

5. M. Bialecki, and A. Doliwa, Algebro- geometric solution of the discrete KP equation over a finite field out of a hyperelliptic 
curve, Comm. Math. Phys. 253 (2005) 157-170. 

6. L. Bianchi, Lezioni di geometria differenziale, Zanichelli, Bologna, 1924. 



HIROTA EQUATION AND THE QUANTUM PLANE 



17 



7. A. I. Bobenko, and Yu. B. Suris, Discrete differential geometry: integrable structure, AMS, Providence, 2009. 

8. L. V. Bogdanov, and B. G. Konopelchenko, Lattice and q-difference Darboux-Zakharov-Manakov systems via d method, 
J. Phys. A: Math. Gen. 28 (1995) L173-L178. 

9. N. Bourbaki, Groupes et algebres de Lie, Chapitres 4, 5 et 6, Elements de mathematique, Masson, Paris, 1981. 

10. K. A. Brown, K. R. Goodearl, Lectures on algebraic quantum groups, Birkhauscr, 2002. 

11. J. Cieslinski, A. Doliwa and P. M. Santini, The integrable discrete analogues of orthogonal coordinate systems are 
multidimensional circular lattices, Phys. Lett. A 235 (1997) 480-488. 

12. P. M. Cohn, Skew fields. Theory of general division rings, Cambridge University Press 1995. 

13. J. H. Conway, N. J. A. Sloane, Sphere packings, lattices and groups, Springer, 1988. 

14. H. S. M. Coxeter, Introduction to geometry, Wiley and Sons, New York, 1961. 

15. G. Darboux, Lecons sur les systemes orthogonaux et les coordonnees curvilignes, Gauthier-Villars, Paris, 1910. 

16. G. Darboux, Lecons sur la theorie generate des surfaces. I-IV, Gauthier - Villars, Paris, 1887-1896. 

17. E. Date, M. Jimbo, T. Miwa, Method for generating discrete soliton equations. II, J. Phys. Soc. Japan 51 (1982) 4125-31. 

18. A. Doliwa, Geometric discretisation of the Toda system, Phys. Lett. A 234 (1997) 187-192. 

19. A. Doliwa, Quadratic reductions of quadrilateral lattices, J. Geom. Phys. 30 (1999) 169-186. 

20. A. Doliwa, Discrete asymptotic nets and W- congruences in Plucker line geometry, J. Geom. Phys. 39 (2001), 9-29. 

21. A. Doliwa, Geometric discretization of the Koenigs nets, J. Math. Phys. 44 (2003) 2234-2249. 

22. A. Doliwa, The B- quadrilateral lattice, its transformations and the algebro-geometric construction, J. Geom. Phys. 57 
(2007) 1171-1192. 

23. A. Doliwa, The C- (symmetric) quadrilateral lattice, its transformations and the algebro-geometric construction, J. Geom. 
Phys. 60 (2010) 690-707. 

24. A. Doliwa, Geometric algebra and quadrilateral lattices, arXiv:0801.0512 

25. A. Doliwa, Desargues maps and the Hirota-Miwa equation, Proc. R. Soc. A 466 (2010) 1177-1200. 

26. A. Doliwa, The affine Weyl group symmetry of Desargues maps and of the non- commutative Hirota-Miwa system, Phys. 
Lett. A 375 (2011) 1219-1224. 

27. A. Doliwa, M. Nieszporski, Darboux transformations for linear operators on two-dimensional regular lattices, J. Phys. 
A: Math. Theor. 42 (2009) 454001 (27pp). 

28. A. Doliwa and P. M. Santini, Multidimensional quadrilateral lattices are integrable, Phys. Lett. A 233 (1997), 365-372. 

29. A. Doliwa and P. M. Santini, The symmetric, D-invariant and Egorov reductions of the quadrilateral lattice, J. Geom. 
Phys. 36 (2000), 60-102. 

30. A. Doliwa and P. M. Santini, Integrable systems and discrete geometry, [in:] Encyclopedia of Mathematical Physics, J. 
P. Frangois, G. Naber and T. S. Tsun (eds.), Elsevier, 2006, Vol. Ill, pp. 78-87. 

31. A. Doliwa, S. M. Sergeev, The pentagon relation and incidence geometry, arXiv:1108.0944 

32. A. Doliwa, P. M. Santini and M. Manas, Transformations of quadrilateral lattices, J. Math. Phys. 41 (2000) 944-990. 

33. A. Doliwa, M. Manas, L. Martinez Alonso, E. Medina, and P. M. Santini, Charged free fermions, vertex operators and 
transformation theory of conjugate nets, J. Phys. A 32 (1999) 1197-1216. 

34. L. P. Eisenhart, Transformations of surfaces, Princeton University Press, Princeton, 1923. 

35. L. D. Faddeev, Discrete Heisenberg-Weyl group and modular group, Lett. Math. Phys. 34 (1995) 249-254. 

36. C. R. Gilson, J. J. C. Nimmo, Y. Ohta, Quasideterminant solutions of a non-Abelian Hirota-Miwa equation, J. Phys. 
A: Math. Theor. 40 (2007) 12607-12617. 

37. R. Hirota, Discrete analogue of a generalized Toda equation, J. Phys. Soc. Jpn. 50 (1981) 3785-3791. 

38. R. M. Kashaev, Quantization of Teichmuller spaces and quantum dilogarithm, Lett. Math. Phys. 43 (1998) 105-115. 

39. Ch. Kassel, Quantum groups, Springer, 1995. 

40. B. G. Konopelchenko, and W. K. Schief, Three-dimensional integrable lattices in Euclidean spaces: Conjugacy and 
orthogonality, Proc. Roy. Soc. London A 454 (1998), 3075-3104. 

41. V. E. Korepin, N. M. Bogoliubov, A. G. Izergin, Quantum inverse scattering method and correlation functions, University 
Press, Cambridge, 1993. 

42. I. M. Krichever, Algebraic curves and non-linear difference equation, Uspekhi Math. Nauk 33 (1978) 215-216. 

43. I. M. Krichever, P. Wiegmann, and A. Zabrodin, Elliptic solutions to difference non-linear equations and related many 
body problems, Commun. Math. Phys. 193 (1998) 373-396. 

44. A. Kuniba, T. Nakanishi, J. Suzuki, T-systems and Y -systems in integrable systems, J. Phys. A: Math. Theor. 44 (2011) 
103001 (146pp). 

45. J. Kustermans, S. Vaes, Locally compact quantum groups, Ann. Sci. Ecole Norm. Sup. 33 (2000) 837-934. 

46. T. Y. Lam, A first course in non- commutative rings, Springer, 1991. 

47. F. Levi, Geometrische Konfigurationen, Hirzel, Leipzig, 1929. 

48. M. Marias, A. Doliwa and P.M. Santini, Darboux transformations for multidimensional quadrilateral lattices. I, Phys. 
Lett. A 232 (1997) 99-105. 

49. Yu. I. Manin, Quantum groups and non- commutative geometry, Universite de Montreal, Centre de Recherches 
Mathcmatiques, Montreal, 1988. 

50. J. C. Mc Connell, J. J. Pettit, Crossed products and multiplicative analogues of Weyl algebras, J. London Math. Soc. 
38 (1988) 47-55. 

51. R. V. Moody, J. Patera, Voronoi and Delaunay cells of root lattices: classification of their facets by Coxetei — Dynkin 
diagrams, J. Phys. A: Math. Gen. 25 (1992) 5089-5134. 

52. F. W. Nijhoff, Lax pair for the Adler (lattice Krichever-N ovikov) system, Phys. Lett. A 297 (2002) 49-58. 



18 



ADAM DOLIWA 



53. F. W. Nijhoff, H. W. Capel, The direct linearization approach to hierarchies of integrable PDEs in 2 + 1 dimensions: I. 
Lattice equations and the differential-difference hierarchies, Inverse Problems 6 (1990) 567—590. 

54. J. J. C. Nimmo, Darboux transformations and the discrete KP equation, J. Phys. A: Math. Gen. 30 (1997) 8693-8704. 

55. J. J. C. Nimmo, On a non-Abelian Hirota-Miwa equation, J. Phys. A: Math. Gen. 39 (2006) 5053-5065. 

56. M. Noumi, Painleve equations through symmetry, AMS, Providence, 2004. 

57. M. Noumi, Y. Yamada, Affine Weyl groups, discrete dynamical systems and Painleve equations, Commun. Math. Phys. 
199 (1998) 281-295. 

58. J. Richter-Gebert, Perspectives in projective geometry, Springer, 2011. 

59. R. Sauer, Projective Liniengeometrie, de Gruyter, Berlin-Leipzig, 1937. 

60. H. Sakai, Rational surfaces associated with affine root systems and geometry of the Painleve equations, Commun. Math. 
Phys.220 (2001) 165-229. 

61. W. K. Schief, Discrete Laplace-Darboux sequences, Menelaus' theorem and the pentagram map, talk given at the Work- 
shop Algebraic Aspects of Discrete and Ultra- discrete Integrable Systems, 30 March - 3 April 2009, Glasgow UK, 
http: / /www. newton.ac.uk/programmes/DIS/seminars/040309309.html 

62. S. M. Sergeev, Quantization of three-wave equations, J. Phys. A: Math. Theor. 40 (2007) 12709-12724. 

63. R. F. Streater, A. S. Wightman, PCT, Spin and Statistics, and All That, Addison- Wesley, New York, 1989. 

64. M. E. Sweedler, Hopf algebras, W. A. Benjamin, Inc., New York, 1969. 

65. G. Tzitzeica, Geometrie differentielle projective des reseaux, Cultura Na^ionala, Bucarest, 1923. 

66. H. Weyl, The theory of groups and quantum mechanics, Dover Publications, New York, 1950. 

67. S. L. Woronowicz, From multiplicative unitaries to quantum groups, Internat. J. Math. 7 (1996) 127-149. 

68. S. L. Woronowicz, S. Zakrzewski, Quantum ax + b group, Rev. Math. Phys. 14, (2002) 797-828. 

69. S. Zakrzewski, Poisson Lie groups and pentagonal transformations, Lett. Math. Phys. 24 (1992) 13-19. 

70. A. B. Zamolodchikov, Tetrahedron equations and the relativistic S-matrix of straight- strings in 2 + 1 dimensions, Com- 
mun. Math. Phys. 79 (1981) 489-505. 

Faculty of Mathematics and Computer Science, University of Warmia and Mazury, ul. Sloneczna 54, 10-710 
Olsztyn, Poland 

E-mail address: doliwaOmatman.uwm.edu.pl 
URL: http : //wmii .uwm. edu.pl/~doliwa/ 



